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Abstract

This is a study of the convergence of image measures

L1 {x:f (x) e A), where u is a measure on X which is finite on compacts,

and f is a measurable mapping from X to Y, two locally compact second

countable Hausdorff spaces. A basic result for image measures asserts

that if the i~x1~~s are probability measures which converge weakly to i~, 
and

÷ f(x) whenever x + x for ~i a.e. x, then ~~f
] 
converges weakly

to 1if
1
. We present a similar result and a partial converse for general

ii , where vague convergence is u~ed instead of weak convergence converges

vaguely to ~.t if ff dii~ 
-

~ ff dM for each continuous function f on X with

compact support). Its proof is based on a Fatou—like lemma for vaguely

converging measures. We also study the convergence in distribution of

random image measures where 
~ 

is a random measure on X and tf, is a

random function from X to Y. We show how these measures can be used to

analyze thinnings of point processes and random measures.

The convergence of integrals ff d~ is essentially equivalent to the

convergence of image measures, since f~ 
f (x) dp (x) = ft d p f 1 (t).

Using this idea, we present several convergence theorems for these integrals

when the ~I ’ S are weakly or vaguely convergent. These are similar to the

result that if p—integrable f~ converge in ~i—measure to some f, then

ff dM + fi d~i if and only if the f are uniformly ii—integrable. We also

extend our integral convergence theorems to mixtures of measures v (A) =

Jk (x,A) d~i~ (x)~ which arise in the study of extreme order statistics of

exchangeable variables, and randomly selected partial sums.
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1. I n t r o d u c t i o n

Let X deno te  a I.oc .:i I . y ~‘ : . ~p ~ t ~;~~.:ond c oun t able I{;~ L s d o r f f  space

let  X be the fo rd  a — a t  ~~~~ a on X genera ted  by i t a  topology , ataJ I a~ bX

be t h e  bounded ( I .  c .  rH  .~ L i’a~ly ( ooi~~t ( t )  se t s  in X. W~ denote by Mb (X )

the set of ~i u .Lte  (nonnegat ive)  oea ;ure ; ;  on K . A s Ilence p is

coI1ver~;cs w e ak ly  to 
~i , w r i t t e n  p p in ~ (X)  , if f f d p  -

~~ J f d ~ for  any

bounded cont inuous  f un c t i on  f on X ; sos [1]  and [3 ] .  We let M (X)  denote

the set of measures  on K tha t  arc  f in it e  on co:~ipacL sets (Radon ~icn: ;ures)

A sequence p in M (X)  converges vaguely to u , wr it t en  p p .Liì M (X) , if

f f dp  .
~ f f dj j  fo r  any c o n t i n u o u s  f u n c t i o n  f on X w~ Ui compact  s u p p o r t ;  ny c

[ 2] ,  [6] or [8] for  the  basics on this .

The subt le  cI i .f f e r enc e  bet~~~cn ~;eak and vague coL ’er~~eucc  i -an be ; e t ’ I ~

by the fo l l o i~tng st a t e r n c n t s .

(1) 
~n ~ p il l  M

b (X) i t  and  0 !I IV  ~~ 1’n 
p in ~~~(X) and i ’ ( ’ ’ i c ~

(see [8 , p. 7 4 ] ) .

(2)  p p in N ( X )  if and only if p p in M
h (K )  ( her e  t h e  ‘ s a r c

r e s L r i  st e d  to K) fo r  c a s h co ;itp 1L t K in  X W I l O S I  b o i i i i c l a r y  ~~ h I s

~~ J5II L~.’ Z C ~~ O .  ( f i l l s is ( dS’  ~o pr a \  . )

Tn t.h I s  ar t i c lo  ~ s L ’ i dy  t i n  O f l V ’~~i g s 0 5 C~ ci i I i t ; l i ~ C I r a  ~~~~~~~~ ~~~~~

r c l s ? s 1  i nt e g ra l s .  H t r r  c p s .i l i c a I t y ,  J e t  H ”., Y h t h e  ~[ of  : . j  ;~~~ j-

f I , I I C t i O i l S  f r o m  X to Y , WbLa t Y ii; a second c o u n t a b l e  Inca  l v  y .  a

( i s  d r 1  span . Py an i~.r~~e ol  t M ( . ~ ) u n d c r a f i l i h i hni I

W _ W~~~1 I I  t i l t  m ea su r e  p f ’(A)  = x f (X) C A } for A V . The w~~s : - c l  c .

gence t t t  i i ; gt ~~ ; P f 1 
, when  P are  t :ii: I y conver ~~t l I t  p t o l t i h i t  i P l i U t i l  e:;

is st u d i ed  i n  ~~ and [161. In particular , The orem .~~~~in  [ f l  ~~I I I I  t o  h I .  ~~ 1 t i n )

T h i s  r e s e I r ti Was s p o t I s or l i i. fl p a r t  b~ t b . A i r  I 0 l 5 & (H 1 1 ( 1 .  01 ~ i c u t  i f  i
R e a y ; i r r h i  t ! I 1 hr  ( r;illt No. c N) Sl ~- 7 4 — 2 6 2 ] , and by t ic Nat i l I S i  S i c l i l t ( t n I ? t t , I (  100
u n d er  ( r i r l r  Nt, . FN c. / — i  3 ( 1 ) 1 .
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W . . -
t ha t  i f  P 1’ in  t-i (X) , and I (x ) f (~) ‘ I l n n ( v L r  x ‘ ‘ x I c y

II 1) fl [1 11

P s . c.  x , t h u  P I II I ’ 1 i i  (
~~

) . I s  1) 1- I n s u l t  :1 v ; i g u l (  o . lv e r g e l i L c
II ii it

ann  ho~~u i e  of th  LI ;  l i l i  ~ e I I  ~ ~~~~ d y e .  R u ;  p r oo f  i n  h uce d ( I I I

a Fa t O t i —  1 i he I e ; :uuu ~ I t )  r t ’ i i  e 1 y c I V ;  r ; e  l i t  m c i  11111:55. We ~i1 so pr o s e n  I . a

r andom v sr s ion  t~~ i t  ~ 1. i i i ; ;  w i t h  tics co nv er g en c e  i n  dial r i h u t  ioi~ 01

1 I i u i d O f l t  i : . 51 i 4 5  L u I t l 4 l I C t 5 ’ L i n re  i s  a r and om I l l I t S u l t I )  1) 11  l i t .  ~~oi i—
1) 11 ii

11( 111 I V s  1 5111 n u l l lb e r s  N a nt i  is a r andom J une t ion I r o u t  I~~ to  Y .

dI scus . ’ ; 1)0W such r I I I i d )m I ige S S SU L S S  can be u i u ; e d  f u r  0 1 ) 1 1  ~~y i t i ,~ III

p o i n t  p rosessea  and r I t a d s u  measure;; as stud led in [7 ] , [S I , [101 , [11]

and [ 1 2] .

The convergence  o I inLegra l s  !I dp , fo r  f e F (X , R) , is esa i i t i a l iy

equ ival ont to  t h e  convergen ce  of th~ image n i c an u r e n  p f , hec iu sa , is;

a c i i ~~uigs  of var i I . ,

( t ) .

U sing t h is  idea , we o b t a i n  ( i n  S t y  I i o n  . 1) c s v e r ;u l  c on -  er ;y ;i t t b s o r ~’;:y

for  t h e 4 c  i nt e g ra l  when the  p~~ S 1 1 0  weaki . y or V II )~II~.’ I v  co ve r n . l i  I .

are  s im i l  t r  to the e l i — k n o w n  in e i l t  t h a t  i i  I ; — i n t . e :I u i ~~ e I ‘ ‘ x .k 1
Ii - I-

t O u i V e r g e  I n  p - l l c n u i c i  1.1) som e f c F (X , R 4 ) t It si j f d ~ f t  I n  i f  and o n l y  I L

t h i s  f a re  I m n i f o r n l l y  i i — i u u L s g r : i h l e .  ho p0151. 15 t h is  t h u  t i i ’ t t i e r i n  ~~~~~‘ I oil

4 W i t  r we s L u dy  t h ì e  t o : ; - s I b n u e  o f  - a i S l e s  ( )  f k (\ , .1u , 
~~

. ) .

r e s u l t ) ;  h-c r con t a I n  t h u  k y  I h t & t r t ~~u ~ . l i m i  [ 5 1  011 11111 t i l l ; ; ;  o f  r o h i l i l i ;  v

P1 :1 50 r i ;; , wh L I I I  i . :; 1111 . 11 f o r  a n t  I V . ’; I l u g  ex t  r i me or ;i~~1 I l L  m ;t  LcS of  e > i  i u~ -

able y i n  t i t  i s  or  c c i ! - ;) a Zod l ; : I t i i p I 1u , a mid f o r  : I u m : l l v :  i l I g  r; ;i d o n l y ye I t . t i

part i:u I ; 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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2. ~~~~~t~~clL.Tm ,u~
, ‘ H l n o r ~~s

In t h i s  s ect i on  Vi ( 0 1 1 5 1 1  r t h e  y a ’ i t e  t~ ei ’~ - i u ;  e ( I f  h - ’~o I c u i n l I r n

p f 1 . We he~’ In w I Lb II f ; w p c c  1 i i n i n ar  i. cs.
Ii ii

The type  of cOii v . r g o n s e  on i’ i i e  iu u c t  lout ;  t h a t  v s  i- h i i  ;i ; -e; :n is

as I ‘t i .  l ows .

Def . i n i t  ion 2. 1. l ot  f and I he in F (X , Y) and l e t  I ’ and ~ hu e i i i  ~ ( X )
0 n

for n > 1. U~ say t h a t  f converges  c o n t l nt l o I l S I  v to  1 n .e .  ~~

wher ievctr  x -
~ x f o r  x e It X , x c B r ~~ and p ( gC ) 0 ~~(11

C
)~~ 

~7o d~~n o t c
n n n n n

t h i s  by £ i i n  P (X ,Y) n . e .  - -
ii I ;

The Theorem 5.5 in  [3] , ofl the c o n v e r g e n c e  of ‘i mages of p ;o i s h i i  i t  1 .-s

which we ment ioned above , r e ad il y ex tends  to liuuiges of a r bit r a r y  I . ; i ; ; u ; r i : ;

in ilb
(X) as f o l l o w s .

Theorem 2. 2. Suppose ~i ~ lfl ~f (~~) ~~ c1 f ~ f i n  F ( X , Y )  n . e .  p 0 . Then

—1 w ~~~~in

• The ; t y - ; i r t I o n  ~ ~ I i (1011 I y ~t l . cnL  to
— - ‘. . 1 11

f i (fl < r l o t .  t~~ (G) f o r  ut lI o~ c -n g Y , ~ o i

p f ’ (Y ) = i.im 
~~~~~~~~~~ 

( Y ) .

The i n c - q u I l t  i v  t o l l ows  as i t  t he  p : e H  of  [3 , ‘ i h i s o a s  5 . 5 ] .  Thi s  y i tn~i s t . ; t ; - u ; y i i t

f ci I Lot -c

1 1 1 1 ( Y )  = p ( X )  
— . (‘:~ p f ~~~ (Y ) .

Our a l t  is t o  p ro ’ ; 1fl u l n u l o g I l  of  t h e  p r t c c e - d i i i d f i l m i’ ’ l l l S  C ’ i V t l f - j ’ ’ .

The 1 i ; ;t  p r - i  j u l  l I r  we nc - c d  f r  t h i s  is  t h e  f o l  o w l s , F n I o I I ’ — .I Ike y ’ - y tt ll

TIe r 1 :u 2.3. If c i t h o r  p in  ti (X)  on p p i n  ~~~~~ n i l  I I i l l
ii I t n U

F (N , 1 )  a • P. fl~ , , ( h e n

r 1 1( x ) !  d ; ( a )  S I in j c ~ f  {f ( x ) ~~ dl ( x ) .  

- ~~~- -- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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Sn~~ t t S ~ t h a t  p p in  ~t , (~-i~ . 115 1 l v  ‘ I l l - I r - ’. - 2 . 2  es  i t n ~~v i~~~ ~— - - . . 1) 1) I I  ii

~~ ~~~~~ 
• l e t . a ‘~ 0 be sin-h t l t : i t  - Ii :~~id a ar  ; ; ; I L j I I I I  I t v  p h i t  of t i : ’-

p f  1 , an d  l e t

= f I t !  f o r  I t J < a

0 Ot1 l (- u l - i r 5 .

C l o i c ly 
~ i.s h o u n d e d  anc .I r o u i L i t u u e ; i : ;  n . e .  p 1 1. Then , u s i  .u ~’. a s t ’ t ; ! r d  ch i;~~- of

v a r  h a l t ! ti formu La for i ii ’. og ;:;  I ; ; , we 11 1c c

I f ( x ) ~ dp (x) = f p ( t )  d~u f 1
(t )

{ f ( x )  f - .a } p

= I in ; I g ( t)  di f i 
( t )  = f 

, 

f (x )~ dc (x )
K ~ n~~~~ ~ n

< U r n  m i  
~ ~n 

(x)  cs~~ ( n ) .

1 1 1 i I ’I1 i on  oF t h e  1)11) 11 Oils C OIIVO r~~ - uu ; t ~ t ) y ) real Li t t h -  f i  r i-u t .i 0 t.cgra 1 ,

.1 - -  t h ro ugh  c-O flti miu i. t:v p e l m i t s  (If p f~~ , y i e l d s  I i i - a sse r t i o n .

~ OW co i n itL- r t h y  r u n ;  in . ; 1 i 1 - h  p p i r  c t ( X )  • Let ~~ K ~~~~ • . . It - - e 1 : - I ; -

n - I S i i i  X s u c h  t h a t  L) K.  = X an d Ii ~ (1 In - I I  I . 1 - Ti ; - latter I S  5)5:4 i b i s
1=1

by L e u r - 1  2.6 hi- law . For e u c ti K . i s  1l lVS  ii  U ill  3~~( h- ~ ) ( her s  L i ld  1~~ ru : u n e

ri-u -u t r i e t & - d  to K .). Then b .  t b ;  ‘t r o t s i l u g  p ;t r a :. -. r : iph ,

1 1 ( x ) ! ~l s ( : )  ~ i i  l i t  I 1 (; - - ) I  ‘ 

I) 
l i i ~ m l  [ i i H

I 1 1 ’
- 1 1 1 1 ) 1  j (  - it  I i  iii 1 - e e l  en- ’ - -nv c i t - i - n  I a - t - - - t o  I I - - I I ns  I j ’ ;  ~: l u l l  v ie  I~

th~ - l n - : - n i i l n .

K - f t  iw ( (‘00 ( t ’  I I i i  :1 I i n  no Si I I - - t i i- - - t - — I l i i

• !~~• 5i ; i ~~t 5  ( - : ) ,  ‘
- I i n  I ’ ( X , I • ;. ~- , t I t o  u i  • t l i i

1 
I I  0 in  M (Y) anti

U (1

4

-~~~ --~~~~~~~~~~~~ ~~~~~~~~~~~~ ~~~
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(1) LII I  .1 in  i- ;up P (~
O l  

(K ) f l  R~~) = 0 for ill  co rug tc  I K t V .
B vbX II U .1

Then p I~ 
— ~ I l l  h-i ( Y ) .

Ii I)

R e mar k .  .Con d .i t i o n  (ii ) i n v o l v i n g  1)0th t ins ~i ’ u; nrt d f ’ s may bts ( l i t  1 I II ! I t- n

v e r i f y in  some c:e;sS. A s u f f i c i e n t  cond i t j t u i  f o r  ( I )  i n v o i c i n g  o n l y  t i L -

t ’s is t h in :  For any  c ou p - t n t  K c V , there is an N s uc h i t h i a P  U f~
1 (K) c bX .

To SOt th is  U t  ~ = ~
) f~~~(K) in ( I ) .  

t i - N

n N

P r o o f .  We shal l  prove the ass~~r L  ion b e s t ; d - i  i s l u  ~~~~ L i ly  eq u i v a l e n t  i - u t  : i t ; - ne ot

t h a t

(2)  u r n  p f ~~ (A) p f 1(A) f o r  o h  I A c by  w i t h  p f 1’ ( iuA )  = 0 .

l’irk an AchY w i t h  i ’f  
l ( 1A )  = 0. Let  p~

( .)  1A~~~~’ the  i u i ; i . i e a t  or  I I 1 O C I  1 0) 1

of A. Since f -
~~ f ‘in F ( X , Y ) n . e .  u~~, an d p 15 cOO L ISlt [’llS :1. 1- . ~J 1 

~~
, ( 1; -

it fo l lows  by an e l emen ta ry  in  g i t u i c - a t  t l u u ; t  g’ -~~ go f in  F ( X , R+) a • c. ~~~~•

by Thc or enm 2 . 3 ,

p f 1 (A)  = f g~ i (x) d~; ( ::) < I I  ii in f  f tc ~ f 0 (x )  ( i t  (x )  = i i t : i  11) 1 p f  ~A) -

We shu i l  I counp .i. ct e  I hi s  [) I - ) L l i  of (2 )  l v  s h o w i ng  I l u — i t

(3)  l i i - :  sup p f 1(A) < f 
l(\)

fl 11 ii . -

h’ o thi s end , I i ; : to ~ 0 , - - f  c h i t s; :u t n i ;l~
t : t - t  It i n  \ a ll -lu t h a t

I i ’ - Sill) p ( f  I ( \ )  
~~

. li~ ) < 
I 

-

is  i u-i p s - - i  h i  e by ( 1 )  . u ;icI d ’i ic - n , I - f e  ii t o  h i s  ; t e ’ t  l i i i p (~~~~ ) ( I .

TIi .i s I ; ;  poa~ f b i e by l ei i : ; u ;z  2 .  t. C l  o u t  I v

( 4) l i i ;  s up  p
0

f~~~
1 (A )  ‘ 1 in U (11 (1 1 (.‘\)fl It )  + i ( [

_ i (A )f l  p

- ii UI Sill) 
—1 

(.\ ) F -
O 11 11

- — _ _ _ _ _ _  

~~~~~~~~~~~~~~~~~~~~
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v i s - r t - ~i and I a r e  t b -  r~- a L u - i c t  i0015 of - ;- t l I I r t - : u -- s - I  iVel V P t  I
Ii ft II U

u - ; - t P, .  [t u ~ 5r our : t n n u : : . g L  ions I t  f o  L I  oi-;s t I iu i t ~ 1 m m  bt (!~) and £
it h Ii

iii F(~~, Y )  a .c .  u ,  and so by 5 i t ~~o ri c :  2 . 2 , ~i 1 ~~ p H in T I ; -

l a t t e r  i n p~~i - -s t h a t  ~~~I ’(A) ~~f 
1

(A) . I l s i o g  th is iii (~~~) V i ;- 1 5 .

t in  :11 1 f 1
(A) < ~~t’ 

1
(A) + ~ 

< 1tf ( \ )
ii m i mi — —

Si n ee  z I S I S  c h o a t - t u  l i L -b i t r l m l - i l y,  Lii i S p r o v e s  ( 3 ) ,  a n u l  cc l i r e  don :- .

rrI1 .~ n~- .-~ n - - a l l t I s a c on ve r s e  to the last Lh i e o r e n .

cc 2 . 5 .  L~ t ~ Ito i n  N C-I) and f he in F ( \ , V) such t h t  l u f i 
ii-; i n

M (Y) f ar  a > 1. S;;pp ;is- I be ~al . ioe .i t i g h o l d .

( i )  ;; 1 ‘- p i~~ ’ in i ( ’ : )  l e o  ;ue~at t

(ii) I ~ I i n  1-’(N , Y )  - t .- - . p .

( i i i )  ( V 1  C O n t aj I I S  t i l e  ( I~~t . f l  s i - I s  of X .

( i v) u - tip ( R )  - -  I o r  n i  fl  PX.

(~~ 
1 [Ii ~- 

~~ 
sa t  I ; ;  f y  (L).

i’be: t  p - j~~ ~i ( ç )

i -: -~~~ k .  A w - :t K t -~~-;;v~ r e t - I l : ; - v - r s  ion of this u t h o v ~ i u ;  OS I ol I - . : ; . I f  I . ; im i

t~~ (X ) , ss t - . h i t  l en -u ( i i )  ; I’ uI ( i i.i) hold , amid ~u i ~~ ~ ~~~ i n  11
1 ( Y ) ,  Lii i ii

i a ‘1
1 

( x)  . TIi L~; is  pI vo~1 s i : i l  In I y . In this context (iv) ho l  i t ::, s i n u e

tI
fl

I
fl

( )  ~ p 1 (Y ) = 1(X )

lI L i e S (iv).) 
I

..

I i  a f. C o i  f i t  ion  ( i v )  i s  - t v . t  i t -m i t o iS 
11 

he I i u u ~ - i - - i s - f  v r~ - ):i! is

e - : :  - st  . I S , p~ P . I . (otis; - - :: - - i i  1 v , t i t y  u - u b - u ; - - - ‘U t -  i t  p - - - i t  a i n  ~~;m : u e I . t - t  - i -  - -

s t u b  t h a t  p , st ’ ::v iii b h ( X )  ‘ ti - i e ’ -
~~ ‘ . Ky l i l t - t I  01)1 2 . t v 1 . - t v ; -

I: n -

~~
l 

~ 
1 

in b - I ( Y )  . l i - ou u L i i i : ;  111111 ( 1  it . t o i l - n - u  ( I i  S - I  — 1

—

~

-----•.-.
-

~
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( i ii-  t U V  opt ul n ot  .\ I i i  \ , I t L  P . V i ~ u t ii  t i i  1 .\ I 
— ‘ ( I I )  -i l ion

‘11111-i \ t . ,  a nd  ~ o t 1I~ i ’i I - -. I t i : i l  a.  - s i i - : u - -  — - -- - mm

K~- en;! t h i s  ;:ec I S  i. i t l  t i m ;  I -  I I o .. I i i~~ I ; - u : u S  , wi t  i - - i t  i.. - u : s - i  :if ov e

2 . b . I f  p I ;; I i i  N ~N ) i : ; ! K I u- ; It t - ou - i j t : 1r t 0 -  ii i -\ * t hen I u I - - I a

ç t t~~ u p  i I t  \ (-01111; i m i i ; i g  N i~ I L i t  ~i (:I! ) = 0.

Pr o~) t . I- ’on t.- I i ~ - i i  x c i-I , l o t  \ ii; - ~ C - g a L L i t - i 1 , I ;lte;l- - e- ! ~, I x . S i nc e  K i s

c - ; t : u p , u - t , t h er e  u l l ~ ’ . x  i-I u - u t m c l i  I li .u I -1 U

K \l - v .
1=1 ~ i

l t v  U i  c’s t h u i ’ ;; 1 OlI t l i l l i  t ’
~ ii I S  Ii S t e l l  I l lS 055 I u u t u  t i on  I I C l i  X t o  Li i ; - jot ~1~\~;1 l

~fl , I j  ;u u ~~li I h i u i t  f ( x ~ 1 i i  x K S I~i f ( s )  t) i t  
- 

x u \
t~~~

l e t  N = I. x : t  ‘ - i - } I - 0 .

I ’ I l C h  N i :u  h i n e l amid  Si t  a i n d  i i i  \ ~~iiii u);t I t iS 51155 t . A I s o  l e ~ ail~~;-

I l u - I  uni t i r m i t e u c  I , t l i eu  ~- N  C I ( - . 1 ~- I . 1 t I o l  I ~~~~~~~~~ i i  115 5 15 I i ;  I I t

~IU V . I I t  t l i en s  l u - i  l i i i ‘ : i u c it  111111 ( i N  , ) = 0. I i t  i ; u  t i t Si g  I ~~ c u - u  t b  p o f

-~ —--= ~~~-~~-- - .- =—~~-t ~~~~~~~~~. -~~~



-— 
~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

--

3. ( i v~-r ~ .~- i i ; : - .: ; t f  I itt s - r i l e ;

in t hi ’is si-c t i o u , we l ; t u d V  th i s  C O i l V . : l  ~-oi;; s ;u f t h e  i . ; u t . t - l - . r l t ]  s

I t s ; cc S

- 

g f  ft  (x ) d : : (x )  and f p ( A )  f t  ( x ) d p (x) lu:- A n X ,

whi - .- r e  E. P (X ,R) and p c i - i (X)  . No show h o w  t b - a i r  c o : u v ( - n i - i ; i i y e  i n

r e L a t e d  - to the u n i f o r m  i 1~
_ 1ntegrab. i 1. i t y  o f thi ~ f ’ s , u - d t i c h i  is ( i e f lL m ’ucd

as fo l lows .

F unc t ion s  f t F ( X , K) (n — 1) are said to be uniformly P—iulLSpi - Ilh Ic ,

for it c N(X) , - if there  is - an ii C F’(X , (0,)) s i u i : t t  L lu :u ls I i i < and

las Sill) r I (x) kI ti L-~ = 0. -

a 
11 

( 1:
0 

(:-: ) > a l u  ( : . )  
. -

(P ee [2, Theorem 2 . 1 2 . 7 1  conesIsu i ng t t - 1  t f l i t  0 ii ’ s .)  in  pa r t  i en lu i r , tl ;.s I

are u n i f o r m l y  p— i n t e g r ab l e  f o r  p c bl
b (X) if

l i s t  sup f ~f (x) l d p (x )  0.

~~f ~~)i > a) £ 
-

‘• I  ft I

55 SIi~il l  LLS2 this fO}.1OWLII .’l l~~- ll-l-ruiu j z a tt o r m of the 1- it t s r .

fl-s f in  i t ~ ion 3.1. l e t f be In F (X ,R) and p be in I’11 (X )  . iT- Say t h a t  I ; - ~u-

I are u n i f o r m l y  p — in t c g r ab i .e if
11 1)

u n  u n  sup f l f (x )  dp (x) 0.
a ’ - -  ( .] I (x ) I >

(Th is di-  I in .i r f u n  ( ‘ I i i  h .  e :-: t t -n ~led to  p in N ( X )  i.n an obvi O i mS l I l y .  )
ft

ihe:t n i -a  3 . 2 .  St t p ~’ t~~ -~- p p in  >I I
( ’I ) ;  ~ f in F (X , R+) - i’. ~ us - it

u f < -- f o r  ii > 1. Thc- tel  Laid : 1 1 . 1 S P at e t i ; - nt S  a rc -  equ i v a l e m i tn f l  -—

• <1) ii1 and i f  <

( L i )  f W 

~ 

-

( i i  ) The 1 are m m n  I f o rm l . y p 1~— i n t :e g r a h l v

(iv) Thit- Im mui c t i o n t; g (t) p I  (t , - ) (t > 0) a r t -  u n i f o r m l y  i . e i i a - ; u u 0 — .

i i t l t -p r l I l C

I . I f  ( i .i I )  ho I ~~ , I li t u ; L I t . ;. C I ; ;  an N - u i ~ - I ~ 1-h a t  -

8 

- - -  
- -—c— 

~~~~- 
—

~~
-

~~~~~~~
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- N + 

~~~~~~~~~~~~~~ 

d p (x)  < K + :ip ( X) .
I 

~~~~~~~ 
<

P i - -s- s I X )  
~-(•~ 

, t i  iI’ _ lint sup 
~n

1
n 

< °~~ ~s- .l . i ~ ~l C 5 5:51 2 .  3 , v- nave

p1 < . I s  I iiii S~; p r e v i~~Ip tha t  ( i )  .1 e q u i v a .i .c;it to ( i i i ) ,  JUSI p a rro t

the lIm o I ot . [3, Th eor em b .4 ]  .

Ti ( i i )  liC) 1.d u - l , then

p I = t ui ( 1-1) -> f i t ( X )  -
~ p1 <

ii ft [1 11

whieh is (1) . Now suppose th at  (iii) hold•- u .  i-Ic w1il~ show ti-tat (L i)

follows. Let 
~; 

be a hounded , contitiuous nonnegative function on N .

Clearly the func t ions  f~~(’)g( ) are uniformly p —integrable and

f ( ~ )g(•) ~ f( )g(.) in F(X,R) a.e. p .  Using th e established fact

th at (iii) implies (i) we obtain

f p ( g )  = fg (x) 1 (x) dp (x) -i - fg ( x )  f (x)  dp (x)  = fit (g)

This yields ( - i i ) .

We f i ni s h  the proof by showing tha t  ( 1)  and ( L v )  are e q u i v ale n t .

By a change of variable and a well—known expression for exp ic -tutt io ns

we can w r i t e

p t  = r~d~ f 1
(t) I i f  ‘(t ,“-)dt = f g ( t .)dt . .

From Theorem 2.2 we have p f  ~ p1 ’. Then g( I ) tt (t)

fo r  ui l l  hut a coumiteb ’Ie number of  V ‘ a . ‘LI fol I ows , by tlio c-i ;.t a n  i t -a l con—

verpt -a -e rh --o r -nt for uriiforml.y Lutegrable It u uic t. io t ie , [2, Cur.  2 .1 2 . 5] ,

that fg ( r ) d r  fg(t)dt if uiucl o n l y  if (iv) h olds .  I i i  1 u  i t n l t i ’ o s  L i t - i t  ( I )

ii -; equivalent to (iv).

Ths-oces: 3.3. Suppose p p i i i  1-1( X);  1 1 in l ( X , I~F ) -i. e. 
~~~ 

amid It - -

fp anti f~~ i ;ire in M (X) . ‘ f i t -  f o i  l o v i n g  S t a t  i- In - - m i t ii arc et j l t  ivale nt

(I) f j t  Up in M (X)
n o  -

( i i )  The I :mt ~~- u f l i  ‘ t n - d y I. u1 1 d h m ~~~ ( - ;t :l - . s - h i  c t - p u l l i t  i l l  X .

I) I —
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• 
~i i- u s~ Su~~~~o-te ( .t )  lia i 2- u. I~ -t K he ‘i u u s i g . t c t  u-lot i n  >- , and p ick a

set K ’ containing N v i  Ill fi i(-K ’) = 0. T J mi :mi  I p 
~~ •th 

~~~h ~~~‘ ~ ‘ 
1111(1 15,

by Tlt~-ntns;;t 3.2 thi- f are unit ormn i.y : — tnt .o~~r : i 1 ) Ii - on N ’ 151(1 lISitSl Cli) K.

Tb I a proves (ii)

Now ~uppose (it) h o l d s .  Let g be a contlnuou:; norinegat Lye fumi ct ton

on X with compact support. From the definition of weak convergence , lit

is clear that gp gg in h~ (X). le L A (gp ) f ~~~
. By Th eorem 2.2 i~’c-

have w 
(t;p)f in Mb ±

) .

Let a be a c o n t i n u i t y  po in t  of A and let 
-

h ( t )  H for  U < t < a

L 0 for t > a.

U sing a change of varie l) Lu .- forniul. n for .L n t cgr als , it f o l l o ws  t h a t

f f ( x )y .  (x)dp (x) J h ( t ) d  (git ) f
1 
(t)

{f (x) <a)

= X l i  -i - Xli = f I (s)g (y) dp (x).
{f ( x )  < a}

Therefore ,

Urn sup 
~11 ti~ 

— < 1i: u ~ i~ p I 
{1
0C) 

;i~

— f I ( :-; 1 -.~( x ) l - ( : 1

{
~ ( - - )  -;- ~i i

As I I  t lit - p roo I o f Thi - t :s 1. ? ose i t  - t . 2 t - ~~i t li - I L I tip , - 
~~~ . i l t i  i i i  1 l I -

on I f o r m  p - - 1 s t  0. - F l i t )  1 1 1 ty of Lh t e  I I nit n ’ • t hi—i l u l :1 a - , t i  - m ’ I : i t t  l t z i n dn It _ -

s l i l t  - of I i t - s  l t l )it CI - I I t t - p u  N I y (Otivu ntl - . l t O  S t i t i .  TIm :- I I I  ~~- t it amid Iii- -

pr i i  I —u ( au: ; I i  - I 

-, - .

111 

- 
- 

~~~~ 

_ 

- -
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Corollary 3.4. Suppose i t t in N(X); f ~~ f j~~~ !- ( ‘ -
~~ , i~~ ) a. ’- . - 

. and—~~~~~~--—
-—~~~~ ~~~~~~ Li ii - ii

p f  < for n > 1. The following statements are eq u i v a l e n t

( i )  p f  - p1 and p1 - - .

( i i )  
~~~ ~ f lu 1-~ (N ) .

( i i i )  th e  f ace  i m n i f u r - s l y p — . L n L s ~;nah1e on ca tch  compact  set i i  X and

(1) m l  lim sup I p ( I l e ) = 0.
BcbX ~ U ii

Pro~~~. This fol lows  d i rec t l y  fr o s~ Th eorems 3 . 2  and 3.3 and t h e  f a c t

[8 , p . 95] tha t  f 1 u  ~ Up if and onl y if f i t  ‘
~ fit and ( 1) ho ld .

I

- - a . : —~ -.
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4. C o n y c l M i x t u r s of t c - m

A kernel k from X to Y is a napping (x ,A) k ( x ,A) ~~~~~ X V to

such that  k (~ ,A) r. F (X , R 1 ) for  each A , and k (x , ~ ) c N ( Y )  for each’

x c X . We let K(X , Y) be the set of a L L  k er n e ls  f r o m  X to V. l-’or p c M(X)

and k K(X , V) we let pk be the measure in N ( X ~ Y) de fi nad by

pk(AxB) = f k(x ,B)d p ( x )  for A X , B V .

A

In th is  section , we s tudy  the convergence of s u ch t  measures iin
k

11
. Ou r

results are extensions of those in [5] on the convergen ce of mixtures

of probab ilities.

As an illustration, consider the randomly selected partial sums

N
z , where the N ’s are independent  o~ the  X ’s. We can write

k= l. n ,k

P(z B) fk (x,B)d;~~(x )

where
[xa I

k (x,B) = P( ~~~~ 
X c B ) ,  and ;u (A ) P ( N  /a c A ) .

ii 
k-~~l 

U Ii

Our first result (Theorem 4.1) imn p l i- u ; that it k(x ,~~) ~ k(r ,) for all

[xa 1
x N and i p in M (R)  (that is , t h e  X and N’ /s c:onvet - .l i - i l l

U 
k-=l n ,k Ii Li

distribution), thien Z comiverges iii distribut l ø u t .  Our second r e s u l t  (T~~ - t i t - .:: 4 .

[ x a l
imp I [u - s  t ha t  i f  N suu h N c o u i v c r p - .iu  d is t U I  l t u t  i t - i t , t i l : fl u i u l  <l i t - . ;

k= ’l 
n , L n

N / t  . O t h e r  app1 catlous to  e -- L : ’ e - - v a l m u t -  m-u t~~I ’ iat  [~~a of e’a i sln - - -  t h i s
n t i -

Cv~- m t t s or r andom si z e  - . u u i u i l c s  riFt - g i v e n  i i i  I ’ ~ .

T h e o n c t :u  4.1 Su ppose II ‘~ ~.t .111 N ~\) , ~ i t d k . u :  I Is in  ~~~ ‘t )  .t ru - su i t -l i
I I

that lt ,~
k,~

(X
~

Y) < and k ( x , .~~ 
I . k( ; . , .) i i i  N 1, (’f ) \ - ; h i t u t i - v u - r  x11 ~ x wha t - i-

x 11 , x €1 fi , a mi d  i t
~~
(
~~~~~
) U = ~ , ( I I ’ ) .  II I-~ I l  I i  t t i  ~l[~

(~\

—
~~~~~~~~~ - r ~~~~~~~~~~ 5~~~~T5_ ~~~~~~~ ._ .._ __-------~ -.—--- - --- -- - - ~~~~~ -~ ~~~~~~~~~~
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lti):1 i t : I  I I I I h it . ’ I t t l i S  L I t.elS ( . ,Y) are u n i f o r m l y  i t —  im it egrab le

I . I t -  N f b-  - a bounded  coot  inuous m o m t n e p - i t  i v i i  funct ion  on X > -Y

and let

h (x)  ff(u-:,v)k (s,dy).

For any x w i t h  x c II and a c B , the  functions f(x , ) are bounded ,
fl Ii ii U

515(1 u - l e r i r ly  f (x , ’)  ~ f ( x , ’) in F ( Y , R.÷ ) s.c. k ( x , ) .  Then Tneorem

3.2 yieLds h ( x ) -
~ l i( ; -:) f f ( x , y ) k ( x ,dy ) .  In other words h Li iii F(X ,R÷

)

a . e .  p
n

Now suppose the k ( ~~,Y )  are uniformly P1~
_iflte~ rable . Then clearly

the h are u n i f o r m l y  p — int egrabie  and so by Theorem 3.2

p k f  = p h  phi = pkf .

Thus p k  pk.  Conve rsely , if the latter holds then

fk (x ,Y)d ~~~(x) f k ( x ,Y ) d p ( x )

st~:i so irs ~ ie-or ea  1. 2  th e  k (  , Y) a re u n if o r m ly  ; i — ’i n L c ~~c- ubi o.

hi the next r e su l t , we use the statement that kt . K ( X ,Y) :Ldenl:if ies

c - lx tur es  in a set f~~ M(X)  . This means tha t  if f k ( Y - , .)dX (:() = fk ( ~-~, .) d p ( x )

in 11(Y) f u r  any A -sad p iti 1 , then A = i t .  I-N -u - [
~ 1 and m h - -  r eP s  - - l u C e s  ti te ’cein .

4 .2 .  Let  a - u t p be in ul b (x) , 115 1 P u t n d  h t i -  iii N ( Y , 1) t a r  n 1.

Suppose time fol 1 owinp, t t a c h i t ’j o n s  hold .

(1) s u p p ( X )  < ~- - :111- . ! 

l h h ~ 

5 1 1 1 ) 1 ( 1  0.

(ii) fk (x,.)tI~~~(’.) ~1 ‘P ( - .,~~) d ; (: :) ill b~~~ 
~~~~~~~~~~~ p i u ; i i :  sOai- set CC I - I ( X )

w h i c h  C O f l t l t i : n ;  the  i i  ~
i . - I i i t s  i t t  : i l i t u - i ’ qil- iii ’ t :- i f  ( i t  ! ) .

(iii) k i P Itt I I  105 I I I  t u F t S Lu  IN

( i v )  P . ~: k ( x , . ) ~~ l ( i )  a - In - S t - \ t - r s  . x , whu rt .- ‘:1 11 n i p (}h
~~~

) --

I t wher o  II is c i  is: - h : t  i - I  .1 l iii i uil 1 (Ii
t 

) (I .

Thea p p in  i i , I X )

l’ r o u t  .

“ 

C t t u . l  i t I on (I) I- ; cu l t 1 : i I  - - l i t i -  i i i - -  ~~ - - I )  I t  Itm N c- siP . i v i ; -l a t  I v~- i  v

( ‘-m I l l e t . i l l  - - i t  I t t  t l Ilt V - :  ii ~s I e 1 l i i i  t - - - - - t - u - l i . . - t - - i l l  I I I  t ; t - - ‘ i t  i t  I I t  - t : - l i t  - - u t

L —

_ 
_
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N such that p some A in N
b 

(>~) as ~~ 
-~~ ~° in N.  Suppo se W~~ Li sa t ha L

(1) fk (x ,~~)d~~~(x) ~ Jk(x ,.)dA (x) in Mb (Y) as n -
~~ in N.

Then f ro i mi (ii) and (iii) ~~ would have p A , which p rO v r ~ the asser t ion

wi_ I n

To complete the proof , we only need to v e r i f y  (1) . Let f be a bounded

con t inuou s f u nc t ion on Y and let

hi (x) = f f ( y ) k (x ,d y ) .

For any x -
~ x with :- ~ B and x E B , it follows by (iv) that Ii (x ) ‘ h (x )

and A (B
C)= 0. Also the h(n c N) are u rL for mly p —integrable by Theorem

3.2 , since ( ii) imp lies titaN p h -
~ ph < . Apply ing Theorem 3.2 to the

p and h(n n N) we get

f f f(y)k (x ,dy)d .1~
(x) = p h  Ah = f 5 f(y)k(x ,dy)d).(x).

x Y x Y

This proves (Il), and so we are done.

We now situw how the above results apply to convolime i.i s u ; . For t h i s

assume that tIt- ~ space X is also a group with addition as the operation . l;e

let A~~iu be the convolution of A and i_i in 14b (x) which is defined by

f A ( t .~~x)~h u t ( x ) .

Caro .I lac y 4.3. (a) if A
11 

~ .~. an d p p in 11
1

( X ) , them) A u : : ;  A p t : in

- - w • w(h)  Suppot-; e A 1 1 1. -
~~ ~ ~ it and :. - A imi

sup p (X) —~ and i i~t i  sup ii ( I i ~~) = 0 ,n i -i U n
B e hX

~tnd X* p = ~ - for i_i , v 
~

1
b 

(X) impU & -s p -
~~~. Thic-n p En

P r o o f .  These asset -L ions  f o l l o w  d i  r et - t ly f rout T it so  ‘ St Il l 4 . I amid !, .

Ic  
— -— _____________________________________________
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5. Random Funuige 1-Ic-satin-s z t n d  [n t t - gr a i  a

The - above r i -a- . : it s  can read il .y he c-xt -n dc -d to cl-tsr n i Its tii , conver—

gence in ci [at r ibu t  iOn tiP random i;u~aisu cia 4 . ~ ~~~~~~~ and fm 
~ 

(x , ) d . (x)

and integrals _ r ?~ (x) d 
~ 

(x) , where 
~ 

and m~ arc r;i:udsi -:i tnt - ;ts u rca , i~

ase random functions and -
, are random kernels. Wa illustrate this

Li

here by presenting random versions of Thteort.-st 2.3 a n-i Corollary 3 .4 .

We begin by defin ing the type of random f un c t i o n ; t h a t  w-.- shall

consid er. Let C G(X,Y) be a subset of 1- (X,Y ) .  Wi - 55. - inn t h s t t  G

is endowed with a separable , metrizabl.e topology with-i the fo l lowing

property: If f -
~ f in C and f is continuous at a . then  f ( x ) -

~ f ( x )

whenever x -
~ x in X.

U

Examp les of such (I are:

L 

(a) C = {continuous functions on [0,1] } w i t h  the  t i i h  ! I i t ru : i  t t t ~t i t 1 t u ~~y

(b) C = { fcp (R , R) f is ri phi t continuous mid nio t i  I i t u -ne ii - I im p ) ci t l i

the relativized Skorohod topology  [.3, Chap t er  3] , or 1 i -  w~ :tL t spit I

(c) G (fiJ- (X,Y) : f is continuou~~} w i t h  the  t :t ) p- o ctpv of t m u l

convergence on compac ta .

A rando m el ement of C is dc:finecl to  be rt u ssums ura b  I t ’  n . :pp in .~ I

a prob ab [ii ty  spi re  to (C .0) , i-d ie cc - 0 is t h t i -  :uv a l l est  0— 1 1 a .! d s ou l  t i n [ - t ~;

t he t c 1 1 t ; t  I ~~~~ - ~- of  C. S I t u  I - - r ly  , a l i  I t t ;  .1 iui ~lt; tire tue A i na i L Ii S h e ; : a

iii N ( 
~~) ) I a ~1~_ -f In -i l it us— z’ : ‘ c l m s I m  e r u b  I~ - - i  t ip  f rer~ ;t  p r u t i  - I i i  I i t  v

1t ~ L~ t o  ( 11(X) , u~ ) . r l t . n u t 1~ t I t u  i l i ; u i I . u . i l  u— f i e ld t u m u l t I f l I t i - Nit . V u i I t u u

I t u p u l  I opy of 1-1 ( Y) .

For our [[rat r c - u a l t , u. - t o  - -  f~, , T .~ , . . . n n -  I

on X and ~~ , -

~~ 
, i~’ a r m -  r a a t . h o i  c - I c -  i t .  ~i ( ;(x , -~ ‘) SIR -il h i t

r , . . . a r t . - r u sh : - iic- .1 . u u lr t -u u l u l l  V .  L u - . t -;-;tu ms . - I l t  i t  -
~ 

•

________ - ~~~
—

~~~~~
-- -~-~~ —-- ~~~ — 

-- - .
~~

------ -
~~~--
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t i r e  ~hefiu~:5l on ti c(s uuo :l 1 t i u i . ~a h t [ l  I LV n I 1~ 1u : e .  IN I t - i  D
f l i t -  t I t - .: sc- i of

d isco:iLinu ity po ints of I - - C. We let  -

~~~~~ 

d i n u t t ~ t- . - - l t P  s ( t t l v e l g s a c. - in

d i s t r i b u t i o n  of rando tut  u : i n . t - i t t s ; .

I i i e or sm 5.1. I f  (r  ~~i~i t ~ ~~~~~~~~~ and w i t l t  h i r u N t o h i l i t y  one ~ (i) ) = 0_ n n ’ V - ,

and 
-

(1) inf u r n  sup f ( . ~- 1 (N)  fl B~~) = 0 b r  any Co - u l u , la t  K --

Bc bX

—1 — 1then 
~ n~~n ~~ 

~~>

P roo f .  Since (~~~~ , i t )  -

~~~~ 

(~~~, ~~) , t i t a n  t Its - n a c-x i s t  ran dont c - le ru u ents  ~* , ~~~~* , .

and ~~*, ~~
f

i , . . • on a common p r o h ab i i i t y  S I R I u S- such t h l . .mt. (~~~~~~ , ~~ *) ~ (T ~~, .u*) -

a . s . ,  and

(2)  ~~~~~~~~~~~~~~~~~~ 
V ~~n ’~~n~ 

and ( p u ) ,~~~ u :)  
~~

This follows by the Skorohod—Dudley t t . s.  r e p re se n t a ti o n  of convergence in

distr :Lbuti .or i  of random e lements  of a ~epar u -~bl~ metr ic  space , -se [ 4] ,  [9]

and [13].

Clearly p~(D~~~) = 0 I i .  a. anch t it o 
~~~~~~~ ~ui~~~~~) s a t i s f y  c o u i . l i t  ion (1)

I-lu r eover , t i m e  n a tt .i r t :  of t i m e  t.opo loll on C and E~l; ( D )  = 0 a .  s. .i :.:plv

F~~(x :~~~*(;.; )_ ~ - ~n( :. ) f o r  some X
mi 

-
~~ x ) 0 a. a .

Then Theorc-t:  2 . 3  y [ .u  1. 1 : ;  - N ~~l 
- n . s .  From t1 is; and ( 2 )  we h t ive

For I t t i - i i  a-. u r c a - !  I u-: a a s sun t o  t il l -It C , s ,1 m - t u u h a j : : u — t :~t u t  - - . -

~~11 A , and 1 ,  ~u -
~ 

,, • . . S i S F l i t l i o S t  C I S i t S - t i La 01 C ( \  , i
f
) S l i S i l  I. I t : t

R I ,~~ ~~~~~~~ 
, . .. ar i -  t i e f i m u t , 1  on a l:o ; ;: u lt t ui p r o l l i h i  l i t ) -  Sjt It 5 and I i  - -

( - : t ! ;. .) d l  l t l t u I  h ,

~n m t  ~~~~ 
\

fl 
(s ) u~ 

: (x )

am e I j I l l  t - ‘ is u i - I t  ‘us lI lt - . - I l l  I i 5  O i l  A

( i



_
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Theorem 5.2. Suppose N i t u f o l l o w i n g  h u l l .

(i) 
~ L) (C , t’) and ~ ( D )  0 a.s .

(i i)  W i t h  probability o u u - - , the i~- tire uni fo ru i t y ~ — i n t t .-gr - ub i . e u :t

n~tu uu p s i c t  set  in X .

(i ii )  W i t h  probab ility one ,

inf u r n  sup ~ (B~) = 0.
B c b X  U ii II

Then -~ C -
~ ~~~~ andn f l  V -

n~~~~~~~n~~~~ 
-
~~~~~ J4:(x)dr (x) .

Proof .  This  follows f rom Corol lary  3.4 and an a rgument  l i l u e  tha t in Li~.

proceeding p r o o f .

I,-
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6. ~~~~~~~~~~~~~~~~ 
i~o m t  Prit c-e~~aeH u t r i d  R . i n I u u ;  I i  t s t t

In tim .i S sect ion we show is is-i L lie I i i  u~~ ~ r t  au 1 N a nit 1 10:1 , - m I t -  s i t  n t -a c u t s

U : I i ’d in sins lyz .i u f ;  t h i n m n ings  ot  rll m l i i  - u t  u - . t  .;ul t i - I : .

In [ 11] i t  was sh own t h a t  mn any t it I t in i u t p s u  u- I  p o i nt  
~ 

nec u .;:;c- i-u , as i i i  [ 7]

[ 10 ]  and [12] , ca n be d c - s c - r i b u d  as I c u l l . u r . .:u . Suppose tIta N mass is randoml y 
-

p laced on iç ut ca - ord  ing to a r andom rnn- a asu r i - 
~~~

. (The C is a p o in t  process if w i t h

proba l )  i t  i ty  i’s-: C (A) is .1 n t c-p - n — v a  tuecl  f o r  each AcbX . ) A ssutim e tha t t im is i-tos s

is t l i  inned b)- a n o t h er r :mn d i” u i  m :ieut smi re m~ on R
+ . Wi t:h i-i (t: ) = ii ( [ 0 , t I  ) < t a • a .  fo r

a l l  t > 0 , such  t h a t  t h i s  nta~~~ u~ ( t )  = C ( [ O , t ] )  in the  it i t cu rval [D , t l  is rep laced

by an amoun t  ri (C ( t ) ) . In ot her  word a , t ime  r ot a  ins -t i  IflSi-;S ( the t h .inned random

m e a s u re )  i s  ri-p r c-sent ed  b y t i : c  c o :iipos it  ion  n b C  of ii and C.

One resul  t I l l  t h .i -a sc- t t I np is the  fo l  iuwi  t ip  . For - th is c’: I t :  slime th is N

r I o t , is a th inned n au ci om n e a s t u r i -  as d sac  r ibed above w h e r e  th~ t I~ I nnthg

m easure  it depends on n and r l (R
+

) = ~ .u a .  s. We a l so l e t  ii be ancit l i e r  random

m: ui - a u ; l t  ci - ni -u q and l e t  c and a he i n  w i t h  a —~ u - ’ By p oa  f o r  pi— i i ( R
+

) stu d

We mean the measu re  def inc-cl by p o a [ O , t ]  
~~

‘ p ( a t )

Th e o r e m  6 .  I . I t ~~~~ (t) -~~~~~ r , t I t a n  r~ oSo s  -
~ qcu c i f ~tni onl y if  i~ 0~ -

~~ r i .

h i s  i : u  proved f o r  ~t o .i u i t  prt .tees~~~-:; in [ 7 ]  and f o r  n a , -sl t tu: i i - S -  .- ; u u t . u -s in  [ .11 J

it  t o n  t i  i t t : the  1 ir s  I r n - s u it  i t t  t l m i m i n  I u N  , u ;ee R u ’ n i y i  ( SIN) 51, ) , wh I u~it i l l  ;ta t u i  11 o~

Stt p 1u~~.- u t -  C i .~ - t i i - i l c R L , 1 i t l u ~~
., Iu ru u- -h os t s -  l i i i e r p e i ; u t  d 1s izuu- c~ It lt Vt ’ - iii c .  T I

I t S  i m u - i n  - a it i l i t I u 5 u u -nd i~f l t  I v  r i - t a  I ned s-: i t P p r o h t u i l i i i i  I y p i -~ i -  - Ia- p - 0 ,

mi I : ;  t l t s  Lb I n m -cl t u O R - i - : ; 5 , I il ’al ~~~~ 1’ m i Ct t flVe FlI t :; i t i ti i a t  r l i t : :  t h t m l I e

P it I a.l i u t t  I tt ‘C - - . 1 - - - . i t  0 lIl t i t  iS I I \ -

h i t s  I t n u ’ -  i t  iii I I I  I i i  thu s above I l ~~- i ~~i i -Fi i s  h-tat-cl umt I i i  l i i i  I ( ‘w j I l - 1  t e ; i U

w i t h  cli  di - u ; t - r i  Is- : - .  I It - Su u t t  I 11111 1 I V u ul I lu~ l u  “~~~ ‘t  s I t  m u  t t ~~lt - r .t t o r .  l i t  i s  is  p t  u ‘ S t - u!

d ir t - - I I y 1 m m i ~) I . h u t  i t - -I . - - -a m is t i i. i t it I it  a u u u i e l  I - m v  u - I  s o t  i - - - - m i -:: Il • 
!~

I I I

- ~~~~~~~~~~~~~~~~~~~~~~ 
- 

- ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - N
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I-u r t h i s  lit .1 i -i

itif I s  : t i ( s )  t }

he t ime I el  t u  u ’~ l t  l f l t i u t i t t t i - - e r a s  s i p  (t . ) = I i  [0 , tj b i n  ;s M (I i f ) u- - i t  P 1 (
~ç)

( I s t r e l ~~~~~ ~~. :~. Si tpp o t~ m
1, 

A mci p
11 

p imi l - l ( I i
+

) ,  slu t- r i- p ( R ~ )

i t  ( {0}) - i 0 , u t m i d  A (Ii ) ) -
~ 0. ‘I ’heti ~. ui 1 m ~ A oi u in ‘-I ( 2

+ ) .

C I , -:i s l. y I) a < p ( t )  I I . 
and onl\-  :1. 1 1) (a )  1. C u i u s .u - c j u e n t l y ,

A o p ( t )  A (a > 0 : a (s)  < r i  A ç ~ [0 , t }~

S i m ; Ia r L u  t l l i ~ p r u t t t b  ~ f [11 , ‘lie- inc - s i  2 .  i j  i t  f o i l  us- a f rot s i -  p ; n u l  p ({ 0 ))  = 0 ,

t h a t  c ( t)  -
~~ ~i(t ) fu t~ l -5c~Ii c o n i t i n c m i t y  p o i n t  t of p .  Since ~~~~~~~ i ’ s are

miondi -u :  ross iii !; and A (D~~) = 0, thc- n cmc- can co~~i. l v  s l i t s  t h a t  
~ ~ i n  F (R +, R f )

a. e. A . Fur tht~ lu re , fen e~:u - it t
U

Co
-u -— I

Li p [0,tl LI [0 ,p ( t ) ]  t ~~~~
n=~l n — i

l im i t : ;  by T imes ccci 2.  -~ we l m. iv i -

wA op = A p A p  =
U U n r i

Ci hi-pat i t i n s  se~ - i t s  l u v  thea: iii , 1151 a t h  i on  iuu : ci it rand i ; ;  me - ; : u u ~, - 1;

tin b’~- n l 1 u t i i ~ -r r : t u t J u -~~! t:i- iaiit - 11 st I l t t lu s t It I h i m i n u - u l I l l u I t S i t i c  j~~ I l i t  i t -  ‘ ‘ : .  I

I i  ~;. .\m i t b v  I i ili:i qt  ls - .u t 1011 I a . iii S~ C 11 I h i s  I \ : - u t  ‘‘ t t  m l  t rod ’ I h i  - I l l  ;ig out 1

Pt: - tm . t n ; i i - t ~~- r i a i - - I  ‘ u t  ~t ~‘ ,~ ii i i i  :dt .icu . ‘-1 . c i i i u - i t  iatv 1 1 1  hu e  t t ’ t ; m I  I ’ . l ! - I ~~~- d :  I - I n u i .-

r i l u C  ~~~ ( u t :  we ; t . t u hi t I t , - 1 s.: t  p r t t u u t  1 , t i  : t I i ~ - be I I ow l  I l l  i h 1 .  1 u  ci  :u . t t  i , t : i

is; IiF Si’ e u l t  It i u S  i i - ;  i : i t  hi : -’ s i  tin m I . I l t  j u l .  i ’t II : It al ;Ihu a! r~. m : - ; I h a t  is

d -p i u :u i t  uSI on Y i t - i t t  rd I ti p to II i tuud c~lfl1 tint - I I ni t -~ I m u ’ : - u  l-l~ t u ’ X s i t u l u  I i t : i t . t h u  
-

t — - t h  I u i  t ( I f  P1
+ 

i s  d t -p i t ~ i t - _ I i ~~ t ’  1 ~~ i i  (t I . ‘l Sr I i i  I itt d i - i t u ’ s i  ~-d lIsts ; l :v

m , m  ma! u -I l l  i l  - : 1 5 1 1 - ~ q tu m i i1~ 
- i t c h  t l m ; m  t t Ito iu:ts- u -

- i l t i , ’ . : I t t ~t l I m i u m - i l  ~- t . A

— ~~~~~~~~~~~~~~~~~~~~~~ ~. - =-__..--_ .~ _ .s: -- -- 
- ~ _ _ - - ~~~~~~~~~~~~ .-.. ~.,  TSI~~l!li~~
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is rep  laced by ai m a m o u t m t  u i ( - -~~~ ( \) )  . Th at  is , t he t h i h m m n e d  u u c - a s u t t r e  iS t h e

iut t sm g n -  imleasci  cc mi~~~~ . Our l h i t - u ’  rems 2.  2 — 2. 6 and ‘.I ’lmeo re ltl  5. 1 (:50 tue Used

to  describe, the ccum ivn- rgt -n cu- of stmcb thiinnimips f l u~~~
1 where  the  Ii ’ s a~~d ~ ‘ a

depend omi commvuurg :ing par ummet i- uau -

21)

- 
-~~~

. _f.-’ ~. 
.- -

~~~~~
--

~~~~~~ - --~~~~--~~~~~~~~~~~~~-_
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20. Abstract

vague convergenc e ~s used ins t ead of wes~k converg ence (ii~~ converges vaguel y
to p if If dii~ 

-
~ f dp for each continuous function f on X with compact suppor ).

Its p ioof is based on a Fatou—like l t -a::u ~si for vaguel y convergimig measures.
We also stud y the convergenc e in distribution of random image measures
where 

~~ 
is a ra ndom measu re on X and 

~~ 
is a rand om function from X to Y .

We show how these measures can be used to analyze thinnings of point processes
and random measur .s. 

-

Tha convergence of integrals I f~dpn is essentially equivalent to the convcrgeu’e
of image measures , since I

~~f0(x) dii~~(x) = J~t dii~ f~ -1-(t). Using this idea , we
present several convergence theorems for these int:egrals when time pm ’s
a~e weakly or vaguely convergent. These are similar to the result that if p—
integrable f~ converge in p—measure to some f, t hen J’f ~ dp -* If dii if and
only if the f~ are uniform ly j.t— integrable. .We also ex tend our integral convcr ;en ce
theore ms to mixtures of measures v~~(A) Jk~~(x ,A) dp

11
(x ) ,  which  arise in the

sutdy of extreme order statistics of exchangeable variables , and randomly
selected partial sums .

1. : -
. I

¶ 1  - - i y  C t  8 c -  I I 5’’ I) I 7 I-I I - - t ~ 

— 

‘ - -, - Ii 

- -“  _ _ _ _


